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The Angular momentum Linear Inverted Pendulum (ALIP) model can be used to describe a point
mass moving along a horizontal line at a fixed height. It differs from convention Linear Inverted Pendulum
(LIP) model by using angular momentum about the ground contact point L instead of Center of Mass
(CoM) horizontal velocity v as the second system state variable in addition to CoM horizontal position x.

The Equations of Motion (EoM) of ALIP for the single support continuous phase can be derived as

L
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L = mgz,

by assuming constant CoM height H and point body mass m, where z and & represent the position and
velocity of CoM along the x axis, respectively.
The double support impact phase of ALIP can be described as

Ly =1, + Py X MO (2)

where the old support leg is labeled 1, the new support leg is labeled 2, p,_,, is the vector from the new
support point to the old support point, and v = [, 2]7. When assuming flat ground and zero vertical
CoM velocity, the reset map can be defined as

{x(t;:l) = M (1),
L<tk:++1) = L(t;)

where t,‘fﬂ indicates the time instant just after the k-th impact, ¢, indicates the time instant just before
the k-th impact, pS¥~“M represents the projection of the vector from swing foot (new ground contact
point) to CoM along the = axis.

The ALIP model in the single support phase can be analytically solved for a closed-form solution, which

is similar to the process of solving the LIP model. The solution is

(3)

x(t) = x(t,) cosh[\(t — t,)] + % sinh[A(t —¢,)],

L(t) = a(t,)mHAsinh[\(t — £,)] + L(t,) cosh[A(t — t,)].

(4)

Now let us develop the control law to look one step ahead. At any time instant ¢ within the k-th step,
the angular momentum at the end of this step, ¢, , can be estimated as

A

L(t;) = x(t)mHAsinh[A(t; — t)] + L(t) cosh[A(t; —1)]. (5)

Then the system goes through the reset map for impact, and the states become

f(tzﬂ) = @W—)COM(@%
L(tl—f:-l) = L(t;)‘

1



Therefore, the angular momentum at the end of the next step, ¢, ,, can be estimated as

ﬁ(tl;rl) = ot )mHsinh Aty — 7)) + i(t;r—&—l) cosh[A(t .y — )]
= pV M Ym H A sinh (A1) + Lty ) cosh(ATqs)
= MG YmH N sinh(ATy1) + {x(t)mHAsinh[\(t; — )] + L(t) cosh[A(t; — )]} cosh(AT41),
(7)

where T}, 1 is the step period of the (k4 1)-th step. If set f/(t,;rl) as the control target, i.e. [A/(t,;rl) = Lydes,

then pS"M(¢,") becomes the control means that can be adjusted based on

sw%CoM(t—) — Lydes - [A/(t,;) COSh(/\Tk_H)

s Lk mHNsinh(ATj11)
 Lyqes — {x(t)ymHXsinh[A(t, —t)] + L(t) cosh[A(t, — )]} cosh(ATy41)
N mH X sinh(Mjs1)

(8)

Note that the above derivation focuses on the movement along x-axis, but can also be applied to y-axis
for lateral movement. Consider gaits of stepping in place with step width W and no flight phase, due to
symmetry, piis M = £W/2 and L(t; ;) = —L(t;;) = Lades, thus

A

:E:K — sw—>CoM(t_) = Lages — L(t), ) cosh(AT41) — L+ cosh(AT;11)
5 = Pydes k mH\sinh(\T}4 1) wdes  H\ sinh(AT1) 9)
Ny = j:lmHW )\Sinh()\Tk_H)
wdes 2 1+ cosh(ATy4q)

where the plus or minus sign is determined by the coming support leg, either left or right.
The stability of ALIP can be analyzed using the Poincaré map. Take the moment just after impact as
the Poincaré section, we can write the Poincaré map along the x axis as

_ [Nt
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L(ty) L(ty )
[L(t;) — [x(t)_)mHXsinh(NTy_1) + L(t} ;) cosh(ATy_1)] cosh(AT})
= mH A\ sinh(A\Tj)
i x(t )mHNsinh(ATy—1) + L(t; ;) cosh(AT}_1)
[ x(t_,) sinh(ATj_) cosh(AT})  L(t;_,) cosh(AT_1) cosh(AT}) L(t;) (10)
= sinh(A\T%) mH M sinh(\T}) mH N sinh(A\T},)
i z(t_)mHNsinh(A\Ty—1) + L(¢;_,) cosh(AT}_1)
[ sinh(ATj—1) cosh(ATy)  cosh(ATj—1) cosh(AT}) () L(t;)
= sinh(AT}) mH A sinh(A\T}) {L(tli_l )1 + | mH\sinh(\Ty)
mHAsinh(ATy_1) cosh(ATy_1) k=1 0
Define T, = T, =T for fixed periodic gaits, the Poincaré map becomes
() [ sinh(ATj—1) cosh(AT})  cosh(AT}—1) cosh(AT}) () L(t,)
{ L t’i)} = sinh(\T},) mH \sinh(AT},) [ L t’i‘l)} + | mH\sinh(\T},)
k | mHAsinh(AT,_,) cosh(AT},_1) k—1 0 )
[ cosh?*(\T) N L(ty)
— cosh(A\T' — t
- cosh(AT) mH)\sinh(\T) E(( t’i—lﬂ + | mH\sinh(\T)
| mHNsinh(A\T) cosh(\T") k-t 0




The corresponding fixed point can be obtained by setting z(¢) = z(¢{_,) = z* and L(t]) = L(t;_,) = L*,

cosh?(\T") L(t,)
1 h(A\T *
eosh AT ST [ﬂ — | mENsinh (VD)
—mHAsinh(AT) 1 — cosh(AT) 0
- cosh?(\T) - L(t;)
* 1 h(A\T
=[l=] T AL s\ | | xsmh(3T)
=4 |[=-mHAsinh(AT) 1 — cosh(AT) | 0 (12)
— cosh?(A\T) ] L(t;)
= 7. = L= coshOT) - = GO | | mhsinh (VD)
=4 [mHAsinh(AT) 1+ cosh(AT) | 0
- .+ [ 1=cosh(AT) _, _
* L
= |7.| = | mHXsinh(\T) (1)
L L(t},)
The corresponding eigenvalues are calculated to be two zeros,
cosh?*(\T)
—cosh(A\T) — A —
cosh(AT) mHAsinh(\T) | = AN=0=A=7A=0 (13)

mHAsinh(AT)  cosh(AT) — A

Instead of the deadbeat control in (8), an adaptive control law can be designed using a coefficient
a€(—1,1) as

~ ~

Lyges — L(t; 1) = a[Lyqes — L(t;)] = 0, (14)

which results in

A A

— | Lyaes — L(t7)] — L(ty) cosh(ATs1)

sw—>COM<t’;) _ Lydes

wdes mHsinh(ATj,1)
_ Lyt — 0Ly aL(ty) — L(t;) cosh(AT11) (15)
mHAsinh(ATy 1) mHAsinh(ATg1)
-« a — cosh(ATky1) -

Lydes - L(t,
mE D sb (T 2 oA sinh (VT -k
Note that this controlled system has the same fixed point as the uncontrolled one (the proof is omitted
here), but one of the zero eigenvalues becomes a. Since o € (—1,1), the system is still asymptotically
stable, while the deadbeat control with o = 0 is a special case.



